In this paper, we introduce a generating function for a new generalization of Laguerre-based Apostol-Bernoulli polynomials, Apostol-Euler and Apostol-Genocchi polynomials. By making use of the generating function method and some functional equations mentioned in the paper, we conduct a further investigation in order to obtain symmetric identities of these polynomials.
Introduction
Throughout the paper, we make use of the following notations: Gaziantep, Gaziantep, Turkey, in 2010 and 2013, respectively. Additionally, the title of his MS thesis is "Bernstein polynomials and their reflections in analytic number theory" and, for this thesis, he received the Best Thesis Award of 2013 from the University of Gaziantep. He has published more than 90 papers in reputed international journals. His research interests include p-adic analysis, analytic theory of numbers, q-series and q-polynomials, and theory of umbral calculus. Araci is an editor and a referee for some international journals.
PUBLIC INTEREST STATEMENT
In the paper, we have established the generating functions for the Laguerre-based Apostol-type polynomials and Laguerre-based Apostol-type Hermite polynomials by making use of Tricomi function of the generating function for Laguerre polynomials. The equivalent forms of these generating functions can be derived by using Equations. (1.1), (1.6), and (2.1). They can be viewed as the equivalent forms of the generating functions (2.3), (2.6), and (2.8), respectively. In the previous sections, we have used the concepts and the formalism associated with Laguerre polynomials to introduce the Laguerre-based Apostol-type polynomials and Laguerre-based Apostol-type Hermite polynomials and establish their properties. The approach presented here is general and we have established the summation rules, which can be used to derive the results for Laguerre-based Apostol-type polynomials from the results of the corresponding Appell polynomials.
Here, as convention, ℤ denotes the set of integers, ℝ denotes the set of real numbers and ℂ denotes the set of complex numbers.
The generating function of Laguerre polynomials are defined by means of the generating function (Srivastava & Manocha, 1984 We recall that the Gould-Hopper generalized Hermite polynomials are defined as where m is positive integer (see Srivastava & Manocha, 1984) . These polynomials are specified by the generating function (see Srivastava & Manocha, 1984) .
In particular, we note that where H n (x, y) are called 2-variable Hermite-Kampé de Fériet polynomials (Srivastava & Manocha, 1984 ) that can be defined by the generating function:
and it reduces to the ordinary Hermite polynomials H n (x) (see Srivastava & Manocha, 1984) when we take the values y = −1 and 2x instead of x in the Equation (1.4). Furthermore, we recall that the 3-variable Laguerre-Hermite polynomials (3VLHP) L H n (x, y, z) are defined by the series (Kurt, 2010) The generating function of the Equation (1.5) is that
(1.6) (Magnus, Oberhettinger, & Soni, 1966) and L H n (x) denotes the Laguerre-Hermite polynomials (LHP) (Ozarslan, 2013) .
n (x) and the generalized Genocchi polynomials G ( ) n (x) of (non-negative integer) order are defined, respectively, by the following generating functions (see Luo, 2006 Luo, , 2011 Luo & Srivastava, 2005 , 2006 , 2011a , 2011b :
The literature contains a large number of interesting properties and relationships involving these polynomials (Araci, Bagdasaryan, & Srivastava, 2014; Araci, Şen, Acikgoz, & Orucoglu 2015; Comtet, 1974; Khan, Al Saad, & Khan, 2010; Kurt, 2010; Luke, 1969; Luo, 2006 Luo, , 2011 Luo & Srivastava, 2005 , 2006 , 2011a , 2011b Magnus, Oberhettinger, & Soni, 1966; Ozarslan, 2013 Ozarslan, , 2011 Ozden, 2010 Ozden, , 2011 Ozden, Simsek, & Srivastava, 2010; Pathan, 2012; Pathan & Khan, 2015; Kilbas, Srivastava, & Trujillo, 2006; Srivastava & Manocha, 1984; Srivastava, 2014; Srivastava, Kurt, & Simsek, 2012; Srivastava, Garg, & Choudhary, 2011; Tuenter, 2001 ). Luo and Srivastava (2005 , 2006 , 2011b of (non-negative integer) order (see also Luo, 2006 Luo, , 2011a Luo & Srivastava, 2011) .
Let be a non-negative integer. The generalized Apostol-Bernoulli polynomials B ( ) n (x; ) of order , the generalized Apostol-Euler polynomials E ( ) n (x; ) of order , the generalized Apostol-Genocchi polynomials G ( ) n (x; ) of order are defined, respectively, by the following generating functions (see Luo & Srivastava, 2011b) and (1.7)
It can be easily noted that
Recently, Kurt (2010) gave the following generalization of the Bernoulli polynomials of order , which is recalled in Definition 1.
Definition 1 For arbitrary real or complex parameter , the generalized Bernoulli polynomials B
are defined in centered at t = 0 by means of the generating function:
Clearly, if we take m = 1 in (1.14), then the definition (1.14) becomes the definition (1.13).
More recently, Tremblay, Gaboury, and Fugère (2011) further gave the following generalization of Kurt's definition (1.14) in the following form. (1.13)
n (x;1).
(1.14)
(1.15)
It is easy to see that setting m = 1 in (1.17), we have E
Definition 5 For arbitrary real or complex parameter and natural number m ∈ ℕ, the generalized Genocchi polynomials G
are defined in centered at t = 0, with |t| < , by means of the generating function:
Definition 6 For arbitrary real or complex parameter and , and the natural number m, the generalized Genocchi polynomials G
by means of the generating function
It is easy to see that setting m = 1 in (1.20), we have G
In this paper, we introduce a new class of generalized Apostol-type polynomials, a countable set of polynomials L Y ( ,m) n, (x, y;k, a, b) generalizing Apostol-type Laguerre-Bernoulli, Apostol-type Laguerre-Euler and Apostol-type Laguerre-Genocchi polynomials and Laguerre polynomials of 2-variables L n (x, y) specified by the generating relation (1.2) and Mittag-Leffler function.
In this paper, we develop some elementary properties and derive the implicit summation formulae for these generalized polynomials by using different analytical means on their respective generating functions.
A new class of Laguerre-based Apostol-type polynomials
Recently, Ozden (2010 ), Ozden, Simsek, and Srivastava (2010 and Ozarslan (2011 Ozarslan ( , 2013 introduced the unification of the Apostol-type polynomials including Bernoulli, Euler and Genocchi polynomials Y ( ) n, (x;k, a, b) of higher order which are defined by Ozarslan (2011) gave the following precise conditions of convergence of the series involved in (2.1):
(1.20) (x, y;k, a, b) , m ≥ 1 for a real or complex parameter defined in a suitable neighborhood of t = 0 by means of the following generating function so that For x = 0 in Equation (2.2), the result reduces to known result of Ozden (2010) Setting k + 1 = −a = b = 1 and = in (2.2), we define the following.
Definition 9 Let and be arbitrary real or complex parameters. The generalized Laguerre Apostoltype Euler polynomials are defined by For x = 0 in the Equation (2.6), Further taking m = 1, the result reduces to the known result of Khan et al. (2010) :
Setting k + 1 = −2a = b = 1 and 2 = in (2.2), we define the following.
Definition 10 Let and be arbitrary real or complex parameters. The generalized Laguerre Apostol-type Genocchi polynomials are introduced by For x = 0 in Equation (2.6), Further taking , m, = 1, the result reduces to the known result of Khan et al. (2010) : By substituting x = y = z = 0 in (2.9), we obtain the corresponding unification of the generalized Apostol-type Bernoulli, Apostol-type Euler and Apostol-type Genocchi numbers Y
are defined for a real or complex parameter by means of the generating function Then by (2.9) and (1.7), we have the representation For = 0, in Equation (2.9), the result reduces to Equation (1.7).
Setting x = 0, m = 1 and replacing y by x and z by y, respectively, in (2.9), we get a recent result of Pathan and Khan (2015) . For k = = a = b = 1, x = 0 and replacing y by x and z by y, respectively, (2.6)
(2.8)
(2.9)
in (2.9), the result reduces to the known result of Pathan and Khan (2015) . Further if = 1 the result reduces to known result of Pathan (2012] :
Besides by (2.10), we can also obtain the generalized Hermite-Euler polynomials E ( ) n (x, y) and the generalized Hermite-Genocchi polynomials G ( ) n (x, y) each of order and degree n, respectively, defined by the following generating functions and It may be seen that for y = 0, (2.11) to (2.13) are, respectively, the generalizations of (1.8) to (1.10).
We continue with another basic example of (2.9) by taking m, k = 2 and = 1. Thus we have where Φ n (x, y) = H Y (1,2) n, (x, y, z;2, a, b) . We have
This formula gives a representation of L H n (x, y, z) in terms of sums of Φ. This is the key to the next conclusion for finding another representation of L H n (x, y, z) in terms of sums of Ψ where
(1,1) (x, y, z;1, a, b) . For this taking = m = k = 1 in (2.9), we have Proof By Definition 7, we easily get the proof of the theorem. So we omit it. ✷
Theorem 3 The following formula involving Laguerre-Apostol-type polynomials
Proof The proof of this theorem follows from Definition 7. So we omit the proof. ✷
Implicit formulae involving Laguerre-based Apostol-type polynomials
This section is devoted to employing the definition of the Laguere-based Apostol-type polynomials (x, y;k, a, b) . First we prove the following results involving Laguerre-based Apostol-type (x, y;k, a, b) . (x, y;k, a, b) On expanding the exponential function in the above gives which, on using series manipulation formula in the left-hand side, becomes Now replacing q by q − n, l by l − p and using the lemma (Srivastava & Manocha, 1984) in the left-hand side of (3.1), we get For k + 1 = −a = b = 1 and = in Theorem 4, we get the corollary. (x, y;k, a, b) . (x, y;k, a, b) holds true: Proof By exploiting the generating function (1.2), we can write Equation (2.2) as Now replacing n by n − r in the right-hand side and using the lemma (Srivastava & Manocha, 1984) in the right-hand side of Equation (3.2), we complete the proof of the theorem. ✷
Theorem 4 The following implicit summation formulae for Laguerre-based Apostol-type polynomials
For k = a = b = 1 and = in Theorem 6, we get the following corollary. (x, y;k, a, b) holds true:
Proof By using the generating function (2.2), it is easy to prove this theorem. ✷ For k = a = b = 1 and = in Theorem 7, we get the following corollary.
Corollary 11 The following implicit summation formulae for Laguerre-based Apostol-type Bernoulli polynomials L B
[ ,m−1] n (x, y; ) holds true:
For k + 1 = −a = b = 1 and = in Theorem 7, we get the corollary. 
